This paper describes a high precision mode tuning scheme for a MEMS vibratory gyroscope operating in the rate integrating mode (RIG). The tuning scheme minimizes both the cross and diagonal imperfection components in the stiffness matrix. It consists of "coarse" and "fine" tuning stages respectively conducted in rate mode and rate integrating mode. The first stage of mode tuning in the rate mode is automated and can be completed within a few minutes with an accuracy of a few tens of mHz. The tuning accuracy at this stage is restricted by the damping imperfections that distort the phase response as the stiffness imperfections are reduced. Further improvement to the tuning accuracy is achieved at the second stage by switching the gyro to operate in the rate integrating mode, where the influence of damping imperfections on the tracked resonance frequency is negligible when the amplitude of the minor axis of the elliptical trajectory of the vibration is minimized. Accurate assessments of the stiffness imperfections are made by deliberate angle precession and examining the tracked resonant frequency variation from the average resonance frequency at certain angular locations. A tuning accuracy of 10 mHz is achieved while the gyroscope is operated in whole angle mode. Minimum frequency mismatch is a great advantage for the closed-loop control of the rate integrating gyroscope, such as quadrature nulling and phase locked loop based frequency tracking. Angle error is also reduced as a consequence.
Introduction
In recent years, affordable and integrated MEMS Coriolis vibratory gyroscopes (CVGs) have found increasing usages in compact and low cost inertial applications where they can replace expensive and bulky fibre optical (FOG) or mechanical macro scale gyro. Examples include the attitude and heading reference system (AHRS) in UAV navigation and the position and orientation system (POS) for mobile mapping. The working principle of a CVG is based on energy transfer caused by the Coriolis coupling between a pair of degenerate vibration modes associated with axisymmetric structures. Common examples include string [1] , tuning fork [2] , ring [3] [4], cylinder [5] , disk [6] [7] [8] and hemispherical shell [9] [10] . Among these structures, the ring resonator is particularly suitable for MEMS fabrication because of its planar topology. Most MEMS gyroscopes operate in rate mode, though they can be operated in rate integrating mode (RIG) that directly give precession angle without the need of digital integration. Other advantages of RIGs include: (1) , scale factor stability unaffected by environment changes and amplitude of vibration of the drive mode; (2) , unlimited bandwidth and measurement range, though, this benefit may be compromised by bandwidth of the electronic control loops [3] .
Recently, as the technology of microfabrication advances, MEMS RIGs have become the subject of significant research [11] [12] [13] [14] . The major performance specifications for RIG are the precession angle dependent bias error and the minimum rate threshold [15] [16] . They are mainly affected by damping and stiffness imperfections caused by fabrication tolerance limits and material inhomogeneity. Drive and sensing electrode misalignments, gain mismatches of the resonance modes, and phase errors in the feedback control signals also contribute to the total angle drift [17] . In the development of high performance RIGs, matching the two vibration modes is the first obstacle to overcome. It is advantageous to be able to minimize the frequency mismatch prior to any specific compensation based on state feedback control, in the sense that it reduces the required control forces for nulling the quadrature amplitude and avoids the undesirable side effects of these control forces.
Various tuning and calibration methods for mode correction have been reported in the past. Passive postfabrication trimming methods, such as laser trimming, ion beam milling and mass loading by selective deposition [18] [19] have been used in high end macro-scale vibratory gyroscopes, such as the HRG and disk gyroscope [7] to reduce the anisotropy. However, this type of tuning is inflexible, time consuming and therefore significantly increases the cost of the gyro.
Active mode tuning, mainly electrostatic, is widely used in high performance MEMS gyroscopes. It uses electrostatic spring softening effect to change the stiffness matrix of the system dynamics [20] [21] [22] [23] . It provides greater flexibility, relatively large tuning range in comparison to state feedback [24] , and the possibility of on-line electrostatic mode tuning during operation against slow parameter variation induced by temperature changes, aging and other environmental influences. It is possible to design a closed loop automatic tuning procedure for rapid mode tuning. For example, Oboe [25] proposed a real-time tuning mechanism that electrostatically detunes the sense mode until the amplitude of the sense mode vibration caused by residual cross coupling is maximized. This closed loop control appears as an optimization problem by extreme-seeking. Accuracy up to 0.1Hz was achieved from these closed loop tuning schemes. Akin [26] proposed a closed loop mode matching control that regulates the electrostatic tuning voltages, so that the sense mode output in response to a dither signal is in phase with that of the drive mode, indicating matched modes. To avoid interfering with the input rotation rate, Prikhodko [27] proposed an improved real time automatic mode tuning by applying a dither signal that is typically outside of the gyroscope bandwidth. The disadvantage of electrostatic mode tuning is that the nonlinear relationship between tuning voltages and the electrostatic stiffness can adversely affect the stability and bandwidth of real time electrostatic tuning.
Real-time feedback control [24] [28] have been used in dynamic compensation of mechanical imperfection or parameter uncertainty. Park [28] proposed an adaptive add-on control with a parameter adaptation algorithm that provides an estimate of the angular rate and quadrature error simultaneously. However, robustness and bandwidth of the adaptive algorithm is of concern in practical gyroscope control system. The limitation of feedback control based mode tuning is the small tuning range. Often feedback control is used as a dynamic compensation after a "coarse" electrostatic tuning procedure.
So far, most of the reported mode tuning schemes don't consider the influences of damping imperfections. For example, cross damping contributes to the residual output at the sense mode. Cross damping affects its phase angle, and therefore limits the precision of mode tuning. When the gyroscope tuned in rate mode is operated in the RIG mode, it is very common that the modes appear well tuned at one angular location, but detuned when the standing wave starts to precess due to rate input. On the other hand, a gyroscope tuned in RIG mode still remains tuned when it is operated in rate mode. In the rate operating mode, the quadrature component at the sense mode output, or the phase information of the secondary mode relative to the drive mode is used as an effective indirect measurement of mistuning. Similarly, in the angle operation mode, the quadrature amplitude, which refers to the amplitude of the minor axis of the elliptical vibration trajectory, is an effective control criterion (to be minimized) for dynamic compensation of stiffness imperfections [12] . This paper presents a high precision mode tuning scheme for a MEMS ring type CVG. It has unique electrode arrangement that maximizes electromechanical coupling. A decoupling algorithm is established to provide independent tuning of both the cross and diagonal terms of the stiffness matrix. The whole tuning consists of two stages. Firstly electrostatic tuning of the gyro operating in rate mode is used to rapidly remove the major part of stiffness cross coupling and mistuning. It is designed in a closed-loop form that first minimizes the total cross coupling from the drive mode, and then minimizes the quadrature component of the sense mode when a pilot rate input is applied to the sense mode. Mistuning achieved at this stage can be assessed simply using the ratio between the in-phase and the quadrature components of the sense mode output [20] . However, precise calculation of mistuning is hindered by the inevitable coupling caused by damping. Electrostatic trimming cannot remove the effect of damping imperfections. At the secondary stage, the electrostatically tuned gyro is controlled to operate in rate integrating mode. The amplitude of quadrature component described by the minor axis of the elliptical trajectory is suppressed to near zero. At this stage the influence of damping imperfections on the tracked resonance frequency are negligible. The controlled RIG is able to respond to a constant rate input as low as 15 degrees per second and precess continuously. It is convenient to separate the influences of the two stiffness components on the tracked resonance frequency by examining the resonance frequency deviation from the average at certain angular locations. Further electrostatic trimming or state feedback is then applied to eliminate the residual mistuning. The mode matched RIG shows 10 mHz frequency split under full rotation. The contributions of this paper are threefold: (1) A rapid closed-loop form "coarse" mode tuning using the phase information based on the transfer function model of the CVG; (2) High precision mode tuning by removing the influence of non-proportional damping on tracked resonance frequency in rate integrating mode; (3) Direct assessment of frequency mismatch. The rest of the paper is organized as follows: The transfer function model and time average model for the CVGs are presented in section 2, on which the principles for the closed loop "coarse" mode tuning and "fine" mode trimming are based respectively. A brief description of electrostatic spring softening and a simple decoupling algorithm for individual trimming of the cross and diagonal components of the stiffness matrix is provided in section 3. The algorithms and tuning procedures for the "coarse" and "fine" tuning stages are presented in section 4 and 5 respectively. Detailed experimental results are provided in section 6 for validation of this tuning scheme.
The gyroscope and its equations of motion
This section presents the two types of motion equation of the vibratory gyroscope. Two different coordinate systems will be used in order to make the control strategy clear. A rectangular coordinate system aligned with the drive and sensing electrodes will be used for the "coarse" mode tuning. The time averaged dynamics are best presented in an elliptic coordinate system and will be used for the "fine" mode tuning. The structure of the single-axis ring vibratory gyroscope and a packaged sample device are shown in Figure 1 . The vibrating structure for gyroscopic sensing is a suspended ring, which has a radius of 4mm, width of 200um and thickness of 150um. The capacitive gap formed between the ring and the electrodes is 10um, which gives a quiescent capacitance of 0.96pF. The device is fabricated from silicon <111> by Silicon Sensing. Eight section electrodes are situated outside of the ring structure providing balanced electrostatic excitation (PD and SD) and differential capacitive sensing (PPO and SPO) of the in-plane flexural motion of vibration. The acronyms PD, SD refer to the primary mode and secondary mode drive electrodes, and PPO and SPO refer to primary mode and secondary mode pickoff electrodes respectively. There are 16 tuning electrodes connected into four groups (PCW, PACW, SCW and SACW) located inside of the ring providing electrostatic correction of the stiffness matrix of the resonator. The acronyms PCW, PACW refer to the primary mode tuning electrodes rotated clockwise or anticlockwise relative to the primary mode drive electrode PD. Similarly, the acronyms SCW, SACW refer to the secondary mode tuning electrodes rotated clockwise or anticlockwise relative to the secondary mode drive electrode SD. Each group has four evenly placed tuning electrodes along the circumferential of the ring. This electrode arrangement has the advantage of increased electromechanical coupling factor for both excitation and sensing, and maximum electrostatic tuning range from using the whole interior space of the ring. A disadvantage of this electrode configuration is that the four tuning voltages are coupled in the correcting stiffness matrix, which requires decoupling algorithm so that independent modification of the cross and diagonal terms of the stiffness matrix is possible. 
Model in physical coordinate system
Neglecting influences of the centrifugal and angular acceleration forces, the simplified equations of motion for the in-plane flexural vibrations of order n=2 can be modelled by a generalized two dimensional oscillator coupled with damping and stiffness imperfections, and rate induced Coriolis force. The equation of motion is:
Here vector = � � represents the displacements of vibration, and 
The natural frequency of the perfect ring is 0 and 0 is the average damping ratio. The terms 1 , 2 and 1 , 2 are the damping and stiffness perturbations from the ideal. Ω z is the applied angular rate that introduces Coriolis force to both modes. The gyroscope device used here is packaged in vacuum that allows a high Q factor of more than 20000. The electrostatic stiffness correction [ ] is designed to cancel the stiffness imperfections explicitly denoted by 1 and 2 . The electrostatic correction can be accurately controlled by the tuning voltages. The detailed deduction of the electrostatic spring softening effect from all the 16 tuning electrodes is presented in the next section.
The transfer function approach is well suited for the analysis of forced vibration. Here, it is used to describe the automated "coarse" tuning procedure for removing the large stiffness imperfections. In the absence of rotation, the frequency response function matrix = � � with displacement vector as output and external forces as input is readily induced from the inverse of the dynamic stiffness matrix, which is described as
In the rate mode, only the primary mode is excited by , the transfer function describing the primary mode response with respect to excitation is given by:
The transfer function model is used for the "coarse" mode tuning. The phase responses provided by these two transfer functions are used to develop a closed loop form of mode tuning to remove the large part of the stiffness imperfections. The procedure is described in section 4.
Time averaged model in elliptic coordinate system
The accuracy of mode tuning when the gyro is operating in rate mode is restricted by the damping imperfections that causes an additional response at the sense mode. It is difficult to separate the response caused by the cross damping term from that caused by the stiffness cross term. This limitation can be mitigated by operating the gyroscope in the rate integrating mode. The motion analysis of the RIG is more convenient by expressing the equation of motion in terms of amplitude and phase, instead of rectangular coordinates as in equations (1) 
Equation (1) can be rewritten in terms of the slow time varying orbital elements using the transformation defined by equation (6) .
̇= − 0 0 (1 − 1 cos 2 − 2 sin 2 ) + 
Where , , , are effective forces on the elliptic elements caused by , , and have the form of proportional velocity and skew symmetric displacement feedback [11] [12] for energy sustain and quad nulling respectively. Control forces , are described by
When the orbit phase shift is maintained at zero by the resonance tracking control, the effective forces in the elliptic frame are described as:
In order to implement the feedback controls in the elliptic coordinate system, it is necessary to accurately measure the four state variables. The capacitive sensing circuit measures the displacement of the two vibration modes ( ), ( ). Each of the vibration signals is decomposed into a pair of in-phase and quadrature components via a digital signal orthogonal demodulation process described by:
The demodulation results , , , are slow time varying compared with the displacements, and they have significantly less noise due to the low pass filtering used in the narrow band demodulation process. The slow time-varying variables of the vibration, the amplitudes , , phase and precession angle , are readily calculated from the demodulation results , , , as described in [30] [31]. Equation (8) shows that the major cause of developing quad amplitude is due to stiffness imperfections including frequency mistuning and modal spring coupling. In the absence of quad nulling control, minimal indicates the stiffness imperfection terms 1 , 2 are minimized and the modes are well matched. For a welltuned device, if no quad nulling is required, the quad signal can be used as an indirect measurement of mistuning and as a feedback term for the real time dynamic tuning control. In this paper, we propose to use the resonance tracking described by equation (10) for high precision mode tuning. When the amplitude of the minor axis is suppressed to zero, the effect of damping imperfections 1 , 2 on the tracked resonance frequency is negligible. The stiffness imperfections 1 , 2 can be assessed by checking the resonance frequency deviation from the average at precession angle = 0 and = 4 respectively.
Decoupled electrostatic trimming
High precision mode tuning needs to deal with both the diagonal and cross stiffness imperfection terms denoted as 1 , 2 in the stiffness matrix. Figure 1(b) shows the tuning electrode arrangement. Instead of using the conventional sixteen electrodes arrangement [4] , this device employs eight electrodes outside of the ring for the purposes of drive and sensing of vibration. It has the advantage of increased electromechanical coupling factor for both excitation and sensing, and maximum electrostatic tuning range from using the whole interior space of the ring. However, the stiffness correction from the four tuning voltages are coupled. This section briefly describes how the electrostatic stiffness can be decoupled so that independent modification of both the cross and diagonal terms of the stiffness matrix is possible. Detailed description of the principle of electrostatic tuning for ring type gyroscope and the related decoupling algorithm can be found in our previous work [3] [20] .
There are 8 pairs of tuning electrodes lay inside the ring resonator. 
Here, n=2 is mode number, 0 is the permeability in air, ℎ 0 is the nominal gap between the ring and the tuning electrode, and is the thickness of the ring. V j + ∆ and V j − ∆ are voltage differences between the two tuning electrodes and DC bias of the resonator.
The total electrostatic stiffness correction matrix [ ] is obtained by summing the contributions from all the 8 pairs of tuning electrodes. The components of the stiffness correction matrix [ ] are given by:
Here 1
− are the voltage differences between each tuning electrode groups PCW, PACW, SCW and SACW and the DC bias respectively. The complete electrostatic stiffness matrix can be written as: 
and
Equation (20) reveals that the effective stiffness correction is proportional to the square of tuning voltages, and shows there are voltage couplings between the stiffness correction terms 1 and 1 , and 2 and 2 respectively. Therefore, the tunings of diagonal and cross stiffness terms as described in equation (18) and B 1 is given by:
The voltages 1 + and 1 − calculated using algorithm (21) (21) . The same decoupling algorithm applies to A 2 and B 2 that doubles the tuning range.
Closed-loop "coarse" mode tuning
Despite the high precision machining or microfabrication methods used in manufacture of high performance gyroscope the level of structural imperfection remaining post fabrication is still too large for satisfactory performance as a rate integrating gyroscope. In the case of the MEMS gyroscope studied in this body of research the frequency split is 1.4Hz, and cross-coupling induced non-driven response at the secondary mode is 25% of the primary mode response. The total damping fluctuation from the average is 3%. Clearly the cross-coupling is dominated by the stiffness imperfections. This section describes a closed loop "coarse" mode tuning scheme conducted in rate mode. The primary mode is excited at its resonance frequency x with its vibration amplitude maintained constant. Initially the stiffness imperfections 1 , 2 dominate the cross-coupling between the modes and must be reduced first before addressing damping imperfections 1 , γ 2 as part of a subsequent compensation scheme The proposed "coarse" mode tuning consists of two steps. In the first step, only the primary mode is excited at resonance and it's amplitude maintained constant. With zero rate input to the gyroscope, the response of the secondary mode is due to cross-coupling caused by the damping and stiffness cross terms 2 , 2 . The amplitude and phase responses are described by the cross-coupling frequency response function described by equation (4) . The phase shift of the secondary mode response with respect to the drive mode response is expressed as:
Neglecting the influence of the damping imperfections since they are small compared to the stiffness imperfections, the resonant frequencies for the primary and secondary modes are approximately given by: Figure 3 shows the phase shift ∆ versus stiffness cross coupling 2 when the primary mode is driven at it's resonance frequency . Clearly when 2 > 0 then ∆ > 0 . Similarly when 2 < 0 then ∆ < 0 . As 2 → 0 , the phase shift ∆ changes very rapidly between leading and lagging phases. The reduction of cross coupling 2 is conducted by minimizing the response amplitude of the secondary mode. The direction of change made to 2 electrostatically is indicated by the phase shift ∆ . Note that a small part of the secondary mode response is caused by the cross coupling due to the damping term 2 , on which electrostatic softening has no effect. Therefore, the amplitude of the secondary mode response cannot be made zero by electrostatic trimming of 2 . The second step of the "coarse" mode tuning procedure removes the diagonal term 1 in the stiffness imperfection matrix. Cross-coupling between the two vibration modes is negligible after the stiffness cross coupling 2 is minimized in the first step of mode tuning. The diagonal term 1 can be readily assessed by the phase difference between the responses of the two vibration modes by exciting the secondary mode with the same signal that drives the primary mode into resonance. The phase difference is calculated using transfer functions and described in section 2.
The task of mode tuning at this step is to minimize the phase difference ∆ at resonance frequency of the primary mode by electrostatically eliminating 1 . The phase difference at resonance frequency is described as:
Since the stiffness cross coupling 2 ≈ 0, then
From equation (26), it is clear that when 1 is electrostatically compensated, the two response signals corresponding to the primary and sense modes are in-phase such that ∆ = 0. The phase difference ∆ described by equation (26) is used to determine the direction of electrostatic correction. As shown in figure 5 of the simulated plot of the phase difference ∆ versus imperfection term 1 , 1 needs to be trimmed down when phase ∆ is negative, otherwise, 1 should be trimmed up if ∆ is positive. This algorithm works even in the presence of small amount of cross coupling 2 . In practical implementation of the tuning process based on a DSP platform, instead of directly calculating phase difference ∆ , the quadrature component of the sense mode response is used as a measure of the phase difference. The closed loop tuning procedure for 1 is described in block diagram figure 6. It is implemented by minimizing the quadrature component of the secondary mode response with the drive signal as the reference for signal demodulation. The closed loop form tuning procedure ensures the quadrature component of the sense mode reaches zero, therefore ∆ = 0. However, at this stage, the frequency mismatch 1 is not completely zero due to effects from the damping imperfections. There is a small residual frequency mismatch 1 that cannot be removed in rate mode. 
Precision tuning in whole angle mode
The lower limit of the mode tuning described in section 4 is determined by the damping imperfections 1 , 2 . In the gyro rate mode it is difficult to separate the effect of damping imperfections from the effect of the stiffness imperfections. This section proposes a high precision mode tuning in the rate integrating mode where the contributions from damping and stiffness imperfections are readily separated. This will extend the lower limit of tuning beyond that possible in rate operating mode. A prerequisite is that the "coarse" mode tuning must have sufficiently reduced 1 , 2 , so that the gyro can be controlled to operate as a whole angle gyro without excessive input rates. Equation (8) describes the dynamics of the developing minor axis ( ) of the elliptic trajectory of vibration caused by residual mistuning 1 , 2 when the major axis ( ) is stabilized. Quad nulling is present only to compensate the imperfections 1 , 2 causing angle drift. It provides a way to identify the residual mistuning terms 1 , 2 . Without quad nulling, the solution to equation (8) 
Here = 0 0 (1 − 1 cos 2 − 2 sin 2 ) is the damping modulated by angular precession. It determines the time constant of the transient process of ( ). For the gyroscope used in this study, the quality factor is measured to be 22000, and the resonant frequency is 14 kHz. The time constant is 2 seconds. The damping imperfection is measured to be less than 3 percent [11] . When the gyro is operated as an angle gyro with a constant rate input of 15 degrees per second, the developing quadrature has a period of 24 seconds. Equation (27) can be approximate to
Stiffness imperfections 1 , 2 can be approximately evaluated by:
Alternatively, the mistuning 1 , 2 can be identified using equation (10) , which governs the resonance frequency of the RIG. With quad nulling control in place, the amplitude of the minor axis ( ) is suppressed to close to zero. The effect of the damping imperfection terms 1 , 2 on the resonance frequency is negligible. The actual frequency tracked by the PLL is simplified as:
It shows the operating resonance frequency being modulated by the angular precession around the nominal frequency ω 0 . For the purpose of evaluating the stiffness imperfections 1 , 2 from the recorded resonance frequency modulation pattern when the gyroscope undergoes continuous rotation, the nominal resonance frequency ω 0 is readily removed by a zero phase shift high pass filter.
Equation (32) provides an accurate, direct evaluation of frequency split between the two vibration modes. It also provides a means for extracting mistuning 1 , 2 from the frequency deviation at angles = 0 and = 4 respectively. In practical applications, instead of calculating the exact values of the mistuning 1 , 2 , (32) gives the direction of trimming so that the mode tuning can be implemented recursively.
Experimental results
This section describes the closed-loop control necessary for the operation of the rate integrating gyroscope, and all the experimental test results conducted for precision mode tuning based on the real time control system. The experimental setup is shown in figure 7 , which is capable of RIG testing with an external continuous rate input up to 300 rpm. Figure 7 , Experimental setup for the rate integrating gyroscope.
Control platform
The mode tuning is incorporated onto a DSP based gyroscope control system. The system block diagram is shown in figure 8 . The signal generation is based on an audio codec chip with 192 KHz sampling rate and the principle of direct digital synthesis technique (DDS) is used to create high quality sine/cosine waves for resonance excitations. The frequency resolution is 0.3 mHz. It also provides the digital reference for orthogonal detection. The digital orthogonal demodulation plays a key role to resolve the in-phase and quadrature components of the input vibrations signals, which are used to calculate the amplitude and phase information of both the primary and sense modes, and to provide the reconstructions of displacement and velocity signals for real time dynamic control. The measurement results are of high precision and low noise because of the narrow band detection technique employed.
Voltages applied to the four groups of electrostatic mode tuning are controlled by a 4 channel 16bit DAC. They are amplified to provide the full range of tuning voltages up to the DC bias of 25 volts. This gives a voltage resolution of 0.38 mV. The controller can be readily switched between rate mode and rate integrating mode. The control for RIG consists of four modules: (1) Resonance frequency tracking based on a PLL; (2) Energy sustain by velocity feedback to maintain a constant amplitude of the major axis of the elliptic trajectory; (3) Quad nulling based on an anti-skew displacement feedback to supress the minor axis; (4) State feedback to compensate damping and stiffness imperfections. System states, the velocity and displacement, for feedback control are recreated using the demodulation results , , , and the digital signal reference. 
Initial cross coupling and mistuning
The DC bias of the gyroscope is set at 25 V and all the four groups of tuning voltages are set at half way the DC bias before the electrostatic tuning procedure begins. Four frequency response tests corresponding to the transfer functions H DD , H DS , H SS , H SD are shown in figure 9 . It shows that the cross coupling induced non-driven response at the secondary mode is 25% of the response of the driven primary mode, and the frequency split is 1.4Hz. Figure 9 . Experimentally obtained full frequency response data around the resonance frequency.
Tuning results in rate mode
The frequency response data in figure 9 shows that cross coupled response corresponding to H DS and H SD are almost identical as expected due to the symmetric stiffness matrix. As described in section 3, cross coupling caused by 2 can be removed by adjusting the effective electrostatic tuning term 1 − 2 . The cross coupling caused by the damping imperfection 2 cannot be changed electrostatically. However, the effect of cross coupling from 2 is suppressed by the high Q factor. For this gyroscope in its initial state
The reduction of cross coupling is implemented in a closed-loop form. The objective is to bring the phase of the cross coupling signal to be ±180 degrees relative to the primary mode response, as described in figure 3 . The first stage of figure 10 shows that the amplitude of cross coupling response is reduced from 10 mV to 0.3 mV when 1 − 2 is increased to 250 2 , as shown in figure 11 . Removing cross coupling hardly changes the frequency, as shown in the first stage in figure 10 (b).
The diagonal stiffness imperfection term 1 is minimized by changing 1 − 2 from zero to 430 2 , which is shown in the second stage in figure 11 . It shifts the tracked resonance frequency of the primary mode by 0.62 Hz, as shown in the second stage of figure 10 . Figure 12 shows the matched modes after the two steps of electrostatic tuning. This mode tuning takes less than 2minutes because of the closed-loop implementation. Figure 12 also shows the residual cross coupling mainly caused by the cross damping imperfection term 2 . Recall 2 is not affected by electrostatic tuning and may ultimately limit the accuracy and stability for those automatic mode tuning algorithms [26] [27] conducted in the rate operation mode. 
Tuning in whole angle mode
"Fine" tuning in whole angle mode is possible only after the frequency mismatch is reduced sufficiently small in the "coarse" stage. This is because the frequency mismatch determines the rate threshold [15] [16], below this input rate the gyroscope stops behaving as a rate integrating gyroscope. Upon completion of the initial tuning with the gyro operating in rate mode the imperfections are sufficiently small to permit further reduction. To observe the imperfections left by the "coarse" tuning stage, the gyroscope must thereafter be operated in rate integrating mode. Figure 13 shows that as the angle precesses, the tracked resonance frequency varies with the rotation angle periodically with a peak to peak value of 40 mHz. This is in agreement with equation (32). The damping is compensated with velocity feedback which has reduced the rate of angle drift to 1.5 o /s. For the following experimental tests, the amplitude of the major axis as described by equation (7) is stabilized at 25 mV by using the PI energy sustain control loop.
Stiffness imperfection terms 1 , 2 can be evaluated using the unsuppressed quadrature using equations (29) (30) or from the modulation pattern of the resonance frequency � against the precession angle using equation (32). In figure 13 , by examining the quadrature values of at angular positions of 4 and 0 respectively, the values of stiffness imperfections after the coarse tuning are estimated to be 1 > 0, 2 ≈ 0. Similar results can be obtained by using the resonance frequency � plot in figure 13 . These estimations of 1 , 2 are used in the fine tuning in the rate integrating mode. The extracted information about the mistuning gives the direction for recursive trimming, either electrostatically or via displacement feedback compensation. Figure 14 shows the frequency split has been reduced from 40 mHz to 10 mHz, and as a result, the amplitude of quadrature is reduced by 5 times without applying quadrature nulling control. When the mistuning becomes smaller, a cos 4 component appears on the quadrature caused by higher order un-modelled dynamics. Figure 15 shows the angular spectrum of the quadrature amplitude and frequency modulation before and after fine tuning. It shows that electrostatic tuning only affects the cos 2 components. The unaffected cos 4 component effectively puts a limit to this proposed tuning method for RIG. This problem may be mitigated by lowering the amplitude of drive for gyroscope devices with higher Q, higher DC bias, or using parametric drive for energy sustain. 
Conclusion
An efficient, high precision electrostatic mode tuning for a MEMS ring type vibratory gyroscope operating in the rate integrating mode is described in this paper. It provides a means for independent trimming of identified cross and diagonal stiffness imperfections based on a decoupling algorithm developed for the ring resonant structure with unique electrodes arrangements. "Coarse" assessment of stiffness imperfections is made firstly in the gyro rate mode by interrogating cross coupling from the primary mode to the secondary mode, and the phase difference between the two modes when they are excited with the same drive signal. Afterwards, precision evaluation of mistuning and frequency split are made by operating the gyroscope in the rate integrating mode, which has the advantages for avoiding the influence of damping imperfections on the estimation of stiffness imperfections. Closed-loop form mode tuning based on the proposed tuning scheme has been implemented, which achieved a frequency split of 40 mHz within 2 minutes. High precision mode tuning conducted in the whole angle mode improved the accuracy of mode matching to 10 mHz. It also provides an accurate, direct assessment of mode mismatch. Detailed experimental results are provided. All the mode tuning and real time control has been implemented based on a high performance DSP platform.
As the precision of mode tuning is further improved in RIG mode, 4 th harmonic components are present in the angle output, quadrature and resonance frequency modulation. This harmonic contamination ultimately defines the tuning accuracy limit of the proposed method. These harmonics are caused by dynamics not included in the conventional gyroscope model.
